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Abstract 

We present improved models of trinification in five dimensions. Unified symmetry is broken by 
CN . a combination of orbifold projections and a boundary Higgs sector. The latter can be decoupled 

CN ' from the theory, realizing a Higgsless limit in which the scale of exotic massive gauge fields is set by 

> : 

' the compactification radius. Electroweak Higgs doublets are identified with the fifth components 
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of gauge fields and Yukawa interactions arise via Wilson loops. The result is a simple low-energy 
effective theory that is consistent with the constraints from proton decay and gauge unification. 
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I. INTRODUCTION 



Extra dimensions provide a variety of new tools for building realistic Grand Unified 
Theories (GUTs). In orbifold compactifications, for example, different components of a 
GUT multiplet may be assigned different parities under reflections about the orbifold fixed 
points. Judicious choices can yield a particle spectrum in which all unwanted states (for 
example, color-triplet Higgs fields) appear at or near the compactification scale 1/R. A 
related technique that has received some attention in the context of electroweak symmetry 
breaking is the Higgsless mechanism . In this approach, a more general set of boundary 
conditions are employed, allowing for the reduction in the rank of the gauge group. These 
boundary conditions can be thought of as arising from a boundary Higgs sector that has 
been decoupled from the theory. Interestingly, in this decoupling limit, the spectrum of 
massive gauge fields is determined by rather than the boundary vacuum expectation 
values (vevs) P|. While electroweak symmetry breaking clearly necessitates the reduction in 
rank of the gauge group, the same is true of GUTs with rank greater than four. This was the 
motivation for the study of boundary breaking in trinified theories , one of the simplest 
unified theories of rank six. Other recent work on trinified theories in extra dimensions 
appears in Ref. 5[. 

While Ref. j4| explored the usefulness of generalized boundary conditions in breaking a 
simple unified theory of rank greater than four, the models presented there had a number of 
shortcomings: electroweak symmetry breaking was still accomplished by introducing chiral 
Higgs multiplets and a fine-tuning was required to keep these fields in the low-energy spec- 
trum. In this letter, we present simpler models that avoid these problems. Electroweak Higgs 
doublets will be identified as components ofgauge fields, an economical approach known as 
gauge-Higgs unification in the literature Bfl, and these Higgs fields will remain light down 




to the weak scale due to an R-symmetry [8(. In addition, we present one construction in 
which an additional gauge group factor provides both for a unified boundary condition on 
the standard model gauge couplings and also serves as an origin for the electroweak Higgs 
fields. This yields a trinified theory without the cumbersome (though entirely conventional) 
cyclic symmetry whose only purpose is to maintain the equality of GUT-scale gauge cou- 
plings. The two models we present are consistent with the constraints from proton decay 
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and gauge coupling unification. 
II. 5C/(3)3 tK Z3 

Conventional trinification is based on the gauge group Gt = SU (3)c x SU (3) l x SU (3)r k 
Z3. The discrete symmetry cyclically permutes the group labels C,L, and R, which maintains 
a single gauge coupling g at the unification scale. Gauge and matter fields transform under 
the 24- and 27-dimensional representations, respectively, with decompositions 

24 = (8, 1,1) ©(1,8,1) ©(1,1, 8) , 

27 = (1, 3, 3) © (3, 1, 3) © (3, 3, 1) , (2.1) 

under the C, L, R gauge factors. In the usual Gell-Mann basis, weak SU(2) is generated by 
T£ for a = 1 ... 3, while hypercharge, in its standard model normalization, is generated by 

r = -i=(T| + v^Tl + T|) . (2.2) 

With the hypercharge gauge coupling identified as y^3/5g, the choices above yield the stan- 
dard GUT-scale prediction sin^ 9\y = 3/8. This is phenomenologically acceptable in the 
present context, given the new boundary corrections to unification [3| that we expect gener- 
ically in extra-dimensional models. 

We first consider a model in five dimensions (5D) with Gt chosen as the bulk gauge 
symmetry. We compactify the extra dimension on an S^/ {Z2 x Z'2) orbifold, labelled by the 
coordinate y. Defining y' = ?/ + 7ri?/2, points related by the translation y —>■ y + 2TiR and by 
the refiections y — > —y and y' —y', are identified. The physical region in y is thus reduced 
to the interval [0,7ri?/2]. In addition, we assume A/" = 1 supersymmetry in 5D. Bulk gauge 
fields thus form M = 2 4D hypermultiplets consisting of A/" = 1 vector V{A^^, A) and chiral 
$((T + zAs, A') multiplets at each Kaluza-Klein (KK) level. All matter fields are placed on 
the 7ri?/2 brane for simplicity. 

We now show that the electroweak Higgs doublets of the minimal supersymmetric stan- 
dard model (MSSM) can be identified with some of the components of the gauge multi- 
plets. Under the two orbifold parities, we assume the bulk fields transform as follows: 

V{x^, -y) = P Vix", y) , V{x^, -y') = P' V{x^, y') P'^^ 

$(x'^,-y) = -P$(x'^,y)p-i, ^{x^',-y') = -P'^{x'',y')P'-^ . (2.3) 
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Here P and P' are 3x3 matrices that act in gauge group space and have eigenvalues of ±1. 
Noting that the supersymmetric bulk action requires the terms S^d D / d^e\Tr{y/2d^ + 
$"'')e~^(— -\/2(95 + $)e^ y, one sees that d^V and $ should have the same transformation 
properties under the orbifold parities. Therefore, although components within a gauge 
multiplet can transform differently under the parity operations, the relative sign of the 
vector and chiral multiplets is uniquely determined. With the notation (P, P') = [Pq ® 
Pl®Pr.P'c 



P'l 



P'pi) we choose 



Pc = diag{l,l,l), Pl = diag{l,l, -1), Pr = diag{l,l, -1), 
P'c = diag{l, 1, 1), P'^ = diag{l, 1, -1), P'^ = diag{l, 1, 1). 



(2.4) 



Parity assignments for the component fields immediately follow: 
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(2.5) 



(2.6) 



(2.7) 



As we will see shortly, fields that are odd under P have vanishing wave functions at y = 0, 
while those that are odd under P' vanish at y = ttR/2. It follows that the gauge symmetry 
that is operative at the 7iR/2 fixed point is SU{3)c x SU{2)l x f/(l)j^ x SU{3)fi, a fact that 
we will use later. Only fields that are even under both P and P' have massless zero modes, 
from which we conclude that the total effect of the orbifold projection is to reduce the bulk 
gauge symmetry to SU{3)c x SU{2)l x U{1)l x SU{2)r x U{1)r. Crucially, two SU(2)i 
doublets in the chiral multiplet $i retain massless zero modes, and it follows immediately 
from Eq. ()2.2j) that these have hypercharges Y = We identify these superfields with the 
MSSM Higgs doublets. 



4 



We break the remaining gauge symmetry down to that of the MSSM using generahzed 
boundary conditions. To illustrate this approach consider a gauge field A^^ that is even under 
reflections about y = 0. This implies that the 5D wave function for the k^^ mode has the 
form 

A^{x-',y)r^cos{Mky)Al^\xn , (2.8) 
for y in the interval < y < ttR/2. Imposing the boundary condition 

d.A'^iy = 7TR/2) = VA^iy = txR/2) , (2.9) 
one obtains the following transcendental equation for 

Mfctan(Mfc7ri?/2) = -V . (2.10) 
In the large V limit the KK spectrum is well approximated by 

M,^M,^^^(l + % + ...), A; = 0,1,..., (2.11) 

where we deflne the compactiflcation scale Mc = 2/R. Thus, in the limit V —>■ oo, the 
spectrum reduces to a tower whose low lying states are Mc/2, 3Mc/2, 5Mc/2, etc. This is 
shifted by Mc/2 relative to the tower one would obtain if V were set to zero. The symmetry 
breaking parameter V has dimensions of mass and can be associated with products of the 
form g^v"^, where g is a flve-dimensional gauge coupling and v a boundary vev. Since v 
generically sets the scale of the physical states in the boundary symmetry-breaking sector, 
the limit V ^ oo corresponds to the decoupling of the boundary Higgs flelds from the 
theory. It is worth noting that in the supersymmetric case, the spectrum of the additional 
scalar and fermionic components of $ and V are the same as in Eq. ()2.1H1 . as a consequence 
of gauge invariance and unbroken supersymmetry j^. 

In the present context, we could introduce two 27 boundary Higgs flelds, whose (1, 3, 3) 
components have appropriate vevs to break SU(3)^ down to the standard model gauge 
group. However, we have already noted that the orbifold projection has reduced the gauge 
symmetry to SU{3)c x SU{2)l x U{1)l x SU{3)b^ at the nR/2 brane. This allows us to 
choose much simpler Higgs representations at this boundary to implement the symmetry 
breaking: 

/o\ /o\ 

Xi = Xi= , X2 = X2 = V2 ■ (2.12) 

\vi/ \V3/ 



Here the field x is an 811(3)/? triplet with U(1)l charge +l/-\/3, and x has conjugate quantum 
numbers. Both Xi and Xi are singlets under color and SU{2)l, and are together anomaly 
free. They represent the one relevant row of the (1, 3, 3) representation used to break the 
unified symmetry in conventional trinified models. The real vevs shown in xi and X2 are 
completely general choices, while we assume the same vevs for the barred fields. (The latter 
choice is consistent with D-fiatness.) These vevs are sufficient to break the remaining gauge 
symmetry down to that of the standard model. Note, however, that a realistic potential 
may require additional fields. 

How do these boundary vevs affect the spectra of fields transforming as (+, +), (— , — ), 
(—,+), and (+, — ) under our orbifold reflections? First, the fields A'^{x'^,y) whose wave 
functions are odd at the y = ttR/2 brane (corresponding to parities (±, — )), vanish at that 
endpoint. Therefore, these KK towers are unaffected by the boundary vevs, and are given 
by M„(-, -) = (n + l)Mc and M„(+, -) = (n + l/2)Mc, for n = 0, 1, . . .. As discussed 
above, the (+, +) fields acquire a massive tower M„(+, +,V oo) = (n + l/2)Mc. Finally, 
consider the (— , +) fields. Since these wave functions are odd at the y = brane they have 
the general form 

A,ix'',y)^sm{M,y)A^^'\xn . (2.13) 
Imposing the boundary condition in Eq. ()2.9p yields the transcendental equation 

MkCot{Mk7iR/2) = V , (2.14) 

which implies a KK tower 

M,k{l + ^ + ■■■), A; = 1,2,..., (2.15) 

in the large V limit. 

In the present case, the boundary conditions following from the existence of the x and x 
vacuum expectation values may be written 

a54(x^ 7TR/2) = V,jAl^{x\ 'kR/2) , (2.16) 

where Vij is a matrix in the space of the SU(3)i^xSU(3)/j gauge fields. The entries of this 
matrix were considered explicitly in Ref. j^, and have the form ^iCig'^vf, where the Vi are 
defined in Eq. fj2.12|) and the Cj are numerical coefficients. The precise form of Vij and the 
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values of the Cj are irrelevant for the present analysis since we will always take the g'^vf to 
be large compared to Mc. In this limit, the spectra of KK modes become independent of 
these details, and we obtain one of six possible towers already discussed: (+,—), (—,—), 
(+, +, \/ = 0), (+, +, y ^ oo), (-, +, = 0), and (-, +, F ^ oo). 

As noted earlier, matter fields are located at the 'kR/2 fixed point. Although the SU(3)^ 
27s decompose into a direct sum of representations under the unbroken gauge symmetry at 
7ri?/2, all of these components must be retained in order to have an anomaly-free theory that 
reproduces complete MSSM generations in the low-energy theory. We now show that the 
exotic matter content of the 27s become massive via couplings to the boundary Higgs fields 
X and X) and decouple from the theory as the vevs v-i are taken large. We first decompose 
the 27 under the unbroken SU(3)cxSU(2)lxU(1)lX SU(3)/j symmetry at ?/ = 7ri?/2, 

27 = L(l, 2, 3), + e\l, 1, 3)_2, + g^(3, 1, 3)o + g(3, 2, 1)„, + 5(3, 1, 1)2, , (2.17) 

where the U(l)i charge g = 1/ (2^/3). The notation serves as a reminder of the embedding of 
standard model fields. In addition, the L multiplet contains a vector-like pair of exotic lepton 
doublets, {E^,E~) and {E^,E^'^), e'^ contains a pair of exotic singlets, A^^ and A^, while q'^ 
contains the right-handed partners of the exotic left-handed, charge —1/3 quarks that make 
up the multiplet B in its entirety. GUT scale mass terms arise via the superpotential 
couplings 

W = h,{U^UpX,e''P^e,,) + hiQ{q^tB^xp5%) . (2.18) 

Expanding Eq. ()2.18p produces the low-energy matter content of minimal trinified theories. 
The right-handed d and B quarks mix leaving one linear combination massless to be iden- 
tified with the physical quark. Similarly, only one linear combination of the left-handed 
lepton doublets receives a mass from the first term in Eq. ()2.18p . Thus, the low-energy spec- 
trum consists of the particle content of the MSSM, as well as the singlets A^ and A^'^. These 
can be made massive as well by including higher- dimension operators in the superpotential 
of the form, [e'^XiY / ^1 where A is the cutoff of the effective theory. Thus, unlike the model 
m Ref. 0, no additional fields need to be included at the boundary to rid the low-energy 
theory of the singlets. 

Having recovered the MSSM particle content, we now consider how to obtain Yukawa 
couplings involving the electroweak Higgs doublets. Since we have identified the Higgs dou- 
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blets with components of the bulk adjoint chiral superfield $, which transforms nonhnearly 
under a gauge transformation {i.e.. $ e^($ — \^d5)e~^.), no local Yukawa couplings are 
possible. However, the solution to this problem is well known in the literature on 5D gauge- 
Higgs unification models: one may couple the Higgs doublets to the matter fields at the fixed 
point via Wilson loop operators j?! Q]. The Wilson line operator Ti. = Vexp^f^* -^^dy), 
where V represents the path ordered product, is a nonlocal object that transforms linearly 
under the 5D gauge transformation at points i/i and ?//, 7i — > e^\yj,Ti.e^^\y-. Choosing 
Hi = Vf = vri?/2 and a path that wraps around the extra dimension, one obtains a Wilson 
loop operator that transforms linearly at the orbifold fixed point where our matter fields are 
located: 7i e^Tie^^, with A = A(a;^, y = TrR/2). We focus on the doublet components of 
H, which we call H{1, 2, 1)3^ and H{1, 2, l)-3g, using the notation of Eq. ()2.17j) . Yukawa 
couplings originate at the ttR/2 brane via the interactions 

W = jxLe'^H + jxQq'H + ^xiX2Qq'H , (2.19) 

after the x ^i-nd x fields develop vevs. Here A is a cutoff of the effective theory. Note that in 
the decoupling limit f j A ^ 00, none of the terms in Eq. ()2.19p are suppressed; this is an 
indication that the low-energy theory is restricted only by standard model gauge symmetry 
aX y = ■nR/2. 

We resolve the problem in our model by using the U{1)r symmetry of the bulk action. 
Under this symmetry, the superspace coordinate 9 transforms with charge +1, while V and 
$ are neutral. An HH term is not allowed since the superpotential must have i?-charge 
—2. We may induce a small parameter by coupling the Higgs fields to a singlet X with 
i?-charge —2, via the superpotential coupling XHH . The /i parameter is generated if the X 
field develops a vev, which can happen naturally due to supersymmetry-breaking effects, as 
in the next-to-minimal supersymmetric standard model. Note that this mechanism works 
assuming we impose only a discrete subgroup of U(l)j?, which avoids any unwanted R- 
axions. Assuming the x ^"^^ X have i?-charge zero and each matter field —1, then the 
Yukawa couplings in Eq. ()2.19p are allowed and a Z4 subgroup of U(l)/j is sufficient. 

Finally, we consider the issue of gauge coupling unification. The possible towers of KK 
modes are described by either (n -|- l/2)Mc > or nMc > 0, for n an integer. The super- 
symmetric beta functions for the fields charged under the standard model gauge groups are 
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(^3,^2,^1) 


(^3,^2,ftl) 


(^,^)321 


(-9,-6,0) 


(-6,-4,0) 


(^,^)(l,2,±l/2) 


(0,1,1) 


(0,-2,-f) 


(^,^)(1,1,±1) 




(0,0,-f) 


Matter 


(6,6,6) 




Total 


(-3,l,f) 


(-6,-6,-6) 



TABLE I: Contributions to the beta function coefficients from the zero modes (bi) and the KK 
levels (bi). Here the ^> represent chiral multiplets in the adjoint representation. Results in the 
second and third lines represent sums over all fields with the stated quantum numbers. 

shown in Table HI Note that only two exotic (V", $) multiplets, with charges (1,1,1) and 
(1,1,-1), respectively, under SU(3)cX SU(2)vi/xU(l)y have KK towers that are shifted 
down by Mc/2 due to the boundary Higgs vevs. Notice that if all the KK towers were 
aligned, they would contribute universally to the gauge running. As first pointed out in 
Ref. |3|, the shifted spectra contribute as a tower of threshold corrections; while the power- 
law running is still universal, the running of the differences a^^ — aj^ is logarithmic. With 
the notation 5j(yu) = a~^{fi) — a^^(fi), for z = 2 or 3, the differential running above the first 
KK threshold is given by 

(5,(/x) = 6,{MJ2) - ^Mfi) , (2.20) 



where 

0<nMc</i 0<(n+l/2)Mc<At / J ^ 



0<nMc<li 0<(n+l/2)Afc<M / J ^ 

Note that the last two terms in each equation above would cancel if the KK-towers were 
aligned, and one would obtain the differential running of the MSSM. Numerical study of 
these equations reveal that unification is preserved, but that the scale of unification Mu 
is delayed. For example, for Mc = 4 x 10^^ GeV we find Mjj ^ 8 x 10^^ GeV, which is 
approximately the 5D Planck scale. For Mc = 2 x 10^^ GeV we find Mu = 2.8 x 10^^ GeV, 
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which simply demonstrates that there is a hmit in which most of the KK towers do not 
contribute and MSSM unification is recovered. For 4 x 10^^ GeV< Mu < 2 x 10^^ GeV we 
find that the unify at well below the 1% level, ignoring possible boundary effects. Thus, 
our extra-dimensional construction does not lead to any problems with successful gauge 
unification. Discussion of other possible corrections to unification may be found in Ref. ^ 
and will not be discussed further here. 

Finally, we note that there is no proton decay in this model. In ordinary trinification, 
proton decay is mediated by colored Higgses that are part of a 27. In our model, the smaller 
gauge symmetry at the ttR/2 fixed point allowed us to include symmetry breaking fields 
in much smaller representations, without dangerous colored components. Since there is no 
proton decay from the gauge sector of trinified theories, our model is safe from these effects. 



III. SU(9) X SU(3)3 

Before concluding, we wish briefly to present an alternative starting point that can provide 
a common origin for the GUT-scale equality of gauge couplings (without the symmetry) 
and the existence of the electroweak Higgs doublets. We consider an SU{9) x SU{3)'^ bulk 
gauge theory on a S^/{Z2 x Z'2) orbifold. The SU(3)cxSU(3)lX SU(3)/j symmetry of our 
previous model is identifled with the diagonal subgroup of an SU(3)^ living within SU(9) 
and the other SU(3)'^ factor, so that 

111 , , 
= - + - • (3-1) 

9{C,L,R) 9su{9) 9(C",L',R') 

Here C',L', and R' refer to the three SU(3) factors present before symmetry breaking. 
If these SU(3) gauge groups are somewhat strongly coupled, then Eq. ()3.1|) leads to an 
approximate unifled boundary condition for the diagonal s ubg roup. This is precisely the 
idea of "uniflcation without uniflcation" described in Ref. Note that the bulk gauge 

symmetry can be thought of as a two-site deconstructed sixth dimension, with symmetry 
broken at a boundary. Generalizations to replicated SU(9) factors are also interesting, since 
the primed gauge couplings do not have to be made particularly large. In any case, the 
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SU(9) vector multiplet decomposes under the diagonal SU(3)^ subgroup as 





( (8,1,1) 


(3,3,1) 


(3,1,3) 




(3,3,1) 


(1,8,1) 


(1,3,3) 




1^(3,1,3) 


(1,3,3) 


(1,1,8) 



(3.2) 



We know from ordinary trinification that fields with the quantum numbers of Higgs dou- 
blets live in the (1, 3, 3) representation and its conjugate. We therefore wish to find parity 
assignments that preserve these elements of the chiral adjoint $ as well. With parity trans- 
formations defined as in Eq. ()2.3|1 . we choose 



$q(1,3,3) 



v 



(3.4) 



Psu{9) = diag{l, 1, 1, 1, 1, 1, 1, -1, 1), Psui9) = diag{l, 1, 1, -1, -1, 1, 1, 1, 1) , 
Pc = diag{l, 1,1), Pl = diag{l,l, -1), Pr = diag{l,l, -1), 
P'c = diag{l, 1, 1), P'l = diag{l, 1, 1), P'^ = diag{l, 1, 1). (3.3) 

One finds, for example, that the (1, 3, 3) components of the SU(9) chiral adjoint $9 has 
parities 

^ [-,+) (+,+) (-,+) 

:-,+) (+,+) (-,+) 
;-,-) (+,-) (-,-) 

which indicates the location of one of the Higgs doublets. Aside from the corresponding 
(+, +) entries in the (1, 3, 3) block, all other components of $g have no zero modes. 

The orbifold parities in Eq. ()3.3|) break the SU(9) symmetry to SU{%) x f/(l) at the 
1/ = fixed point, SU{J) x SU{2) x U{1) oX y = ■kR/2 and to SU{Q) x SU{2) x U{1) x U{1)' 
overall. The SUiZ)^ factors are broken to 5f/(3)c x SU{2)l x SU{2)r x U{1)l x U{1)r 
overall, but are unbroken at ?/ = 7ri?/2. Thus, the most natural way to include matter fields 
is by introducing complete 27's at the fixed point. 

The breaking of the remaining gauge symmetry down to that of the MSSM can be 
done with a boundary Higgs sector, as in our previous model. To determine the neces- 
sary representations, we may pretend the SU(3)'^ factor is embedded in another SU(9), and 
use the fact that a Higgs E ~ (9, 9) with diagonal vevs will leave a diagonal SU(9) un- 
broken. A straightforward decomposition of S in terms of the actual gauge symmetry at 
TiR/2, SU(7)xSU(2)xU(l)xSU(3)^, gives the desired representations. These break the re- 
maining symmetry down to the diagonal subgroup SU(3)cxSU(2)iXU(l)iXSU(2)'^xU(l)'^. 
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We may recover the standard model gauge group by including SU(9) singlet, (1,3,3) and 
(1, 3, 3) boundary Higgs fields, with the same pattern of vevs found in conventional trinified 
theories. Yukawa couplings can arise via higher dimension operators involving the boundary 
Higgs fields, and are unsuppressed in the Higgsless limit, as shown in the previous model; 
the decoupling of exotic matter fields also works in the same way. Color-triplet components 
of $9 exist, so that proton decay is not absent, but doublet-triplet spliting is explained 
naturally via the orbifold projection. 

IV. CONCLUSIONS 

We have presented improved models of 5D trinification. In the first model, unified sym- 
metry was broken by a combination of orbifold projections and a boundary Higgs sector 
that could be decoupled from the theory. Electroweak Higgs fields appeared economically as 
the fifth components of gauge fields. The model demonstrated the existence of a consistent 
low-energy theory in which no chiral Higgs fields needed to be added to the theory in an ad 
hoc way. This model is free of proton decay and consistent with gauge unification. In the 
second model, we showed that an additional SU(9) gauge factor could provide a common 
origin for the unified boundary condition on the standard model gauge couplings, and the 
origin of the electroweak Higgs, via gauge-Higgs unification. Both models provide new and 
explicit realizations of 5D trinified GUTs, and demonstrate a Higgsless approach that can 
be applied to other unified theories with rank greater than four. 
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